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Abstract
In this note one deals with conserving integrals in a class of metric theories of gravitation, based on
existence of the Killing vector field. It is shown that the conserved integrals exist if one may specify
symmetric tensor field of arbitrary rank with vanishing divergence.
1 Energy-Momentum and Angular Momentum Conservation
First off, result presented in this section was reported on seminar in EFI at U. of Chicago and belongs, probably,
to Robert P. Geroch. Consider n-dimensional spacetime with metric gab, a, b = 1, 2, ..., n. Class of theories is









|g|Λ[gab, ψ] . (1)
Here dΩ is n-dimensional volume element, R is scalar curvature, and Λ is the matter lagrangian density,
depending on metric and other fields, specified for short by ψ. If T ab is stress-energy obtained from Λ, then
T ab = T (ab) ; (2)
∇aT
ab = 0 . (3)
Introduce Killing vector field, ξa, satisfying equations,
∇bξa +∇aξb ≡ 2∇(aξb) = 0 . (4)
If solution to (4) exists, then from (2)–(4) it follows,
∇a{T
abξb} = ξb∇aT
ab + T ab∇(aξb) = 0 . (5)
Then, integrating (5) over n-dimensional volume and using Gauss theorem with respective boundary of inte-





|g|T abξb . (6)
Here dΣa is element of integration over (n-1)-dimensional hypersurface.
To see, how formula (6) works, consider the limit of weak gravitational field, κ → 0. In flat spacetime and
cartesian coordinates, xa, solution to (4) is
ξa = pa + ωabx
b ; (7)
here n constants pa and n(n − 1)/2 constants ωab = ω[ab] are arbitrary. They say that flat n-dimensional

















abxc − T acxb} . (10)
Arbitrariness of coefficients pb and ωbc in (8) causes conservation of integrals, P
b and M bc individually. In
4-dimensional spacetime one may take dΣa = (dV, 0, 0, 0), where dV is element of space volume, and then one
recognizes P b as energy-momentum, and M bc as angular momentum of the system. What if solution of (4)
for, say, timelike Killing vector doesn’t exist? Well, then respective integral, corresponding to energy, doesn’t
exist, too. The situation is similar to the one taking place in quantum mechanics, where existence of energy
(conservation of hamiltonian) depends on existence of translational symmetry of the system in time.
2 General Case
Suppose, Killing equations have q independent vectors, ξ
(n)
a , n = 1, 2, ..., q. One could consider two separate
options.
1. Consider symmetric tensors of (p+1)-rank with vanishing divergence:
Qaa1a2...ap = Q(aa1a2...ap) ; (11)
∇aQ
aa1a2...ap = 0 . (12)
Construct vectors,




Then, it follows from Killing equations (4) and from (11), (12), that divergence of Qa {m1m2...mp} vanishes,
∇aQ
a {m1m2...mp} = 0 , (14)









Here Q{m1m2...mp} = Q{(m1m2...mp)} and m1,m2, ...,mp = 1, 2, ..., q, so that one obtains N =
(p+q−1)!
p ! (q−1)! individ-
ually conserved integrals, where N is equal to the number of components of symmetric object of rank p with
each index running q values.1
2. Consider, again, symmetric tensors of (p+1)-rank,Qaa1a2...ap , with vanishing divergence, so that equations
(11), (12), hold, but assume now that its trace vanishes too,
Qaa1a2...apga1a2 = 0 . (16)
Suppose, that exists vector χa, solution to equations,
∇aχb +∇bχa = 2 gab . (17)
Denote {X
(A)
a }, (A = 1, 2, ..., q + 1) set of vectors, {ξ
(n)
a , χa}, (n = 1, 2, ..., q). Construct vectors,




Then, due to (4), (11), (12), and (17), it follows,
∇aQ
a {A1A2....Ap} = 0 . (19)









1 I wish to thank B.S. Tsirelson for bringing my attention to formula for N .
2
3 Examples
1. First example is introduced in order to test vector χa. Consider 4-dimensional flat spacetime with cartesian
coordinates, xa = (x0, xα). Metric gab = ηab. Take stress-energy of electromagnetic field with no charges, T
ab,
T aa = 0. For χa one finds from (17),
χa = ηab x
b . (21)
From (20), and taking again dΣa = (dV, 0, 0, 0), one obtains,
ct
∫
dV T 00 +
∫
dV T 0α x
α = Constant. (22)
This equation describes propagation of electromagnetic radiation. (Static cases with charges are not valid, since
charges contribute stress-energy with non-vanishing trace.)
2. Second example is Bel-Robinson tensor [7, 8], which in vacuum (Rab = 0) in 4-dimensional spacetime is
quadratic in Riemann tensor,
T abcd = Ra ce f R






ǫ bdae Rbdcf . (24)
Here ǫabcd is absolute antisymmetric unit tensor. Bel-Robinson is symmetric, traceless, and in vacuum is
divergence-free,
T abcd = T (abcd) ; (25)
∇aT
abcd = 0 (26)
gabT
abcd = 0 . (27)


























Here Rabcd, Rab, and R are Riemann tensor, Ricci tensor, and scalar curvature, respectively. This tensor is
symmetric, τab = τ (ab), and divergence-free, ∇aτ








Integrals (30) describes conserving quantities (energy-momentum and angular momentum, if they exist?) per-
taining to gravitational field itself, meanwhile integral (6) pertains to the matter only.
One should recognize the effort put by people in creating conserving quantities in general relativity. The most
famous one is that of Landau and Lifshits [1], who constructed symmetric pseudo-tensor, describing energy-
momentum of gravitational field. One should also acknowledge work of Tolman [2], Papapetrou [3], Bergmann
[4], Møller [5], and Weinberg [6]. For details see [9].
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